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Scattering problems from multi-layers with different
periodicities
Ruming Zhang∗
Abstract
In this paper, we consider the numerical solution of scattering problems with
multi-periodic layers with different periodicities. The main tool applied in this paper
is the Bloch transform. By introducing a convolution operator between two Bloch
transformed fields, the problem is written into an equivalent coupled family of quasi-
periodic scattering problems with inhomogeneous medium. The most difficult part
in the numerical scheme is the convolution with a non-regular function. Luckily, it
is proved that if the Bloch transformed total field is approximated by the truncated
Fourier series, the non-regular function could be replaced by its truncated Fourier
series naturally, and the truncated one is a regular function as well. A convergent
finite element method is proposed for the numerical solution, and the numerical
method has been applied to several numerical experiments. At the end of this paper,
relative errors of the numerical solutions will be listed to illustrate the convergence
of the numerical algorithm.
1 Introduction
In this paper, we will develop a numerical method to solve acoustic scattering problems
with a two-layer structure in 2D spaces, where each layer is periodic with different peri-
odicities. This is a simplified modal of the design of microstrip array antennas in 3D (
see [Bha00]). The easier case, for example, when either the periodicities are the same, or
the quotient of the periodicities is rational, the problem is naturally reduced into one pe-
riodic cell, which is easily treated in the classical frame work for quasi-periodic scattering
problems (see [Str98]). However, if the quotient of the periodicities is either irrational or
extremely large/small, the problem becomes much more complicated. For the first case,
it is impossible to be reduced into any bounded domain naturally, thus it is a scattering
problem with unbounded inhomogeneous medium; while for the second case, although the
problem could be reduced into one periodic cell, the cell will be very large. For both
situations, the numerical solutions of these problems are very challenging.
The scattering problems from unbounded structures has been investigated by many
mathematicians in decades. Based on the integral equation method, the well-posedness of
the scattering problems has been established (see [CWR96,CWRZ99,CWZ98b,ZCW03]),
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and numerical methods have been proposed for rough surface scattering problems (see
[MACK00, CWRR02,ACWD06]). The variational method, on the other hand, has also
been applied to the theoretical analysis of scattering from unbounded obstacles (see [CM05,
CWMT07,LR10,Li12]). An important extension of the variational method is to consider
the well-posedness in weighted Sobolev spaces (see [CE10]), and more generalized cases
(e.g. incident plane waves) are included. Similar results in weighted Sobolev spaces has
been shown for more generalized boundary conditions in [HLQZ15].
Recently, a Floquet-Bloch transform based method has been proposed for the study of
scattering problems with unbounded structures, especially for structures that are either
periodic or slightly different from periodic ones. As far as the author knows, the first
paper that adopted this method is [Coa12] for scattering problems from locally perturbed
periodic mediums. Inspired by this paper, the method has been extend to scattering
problems with non-periodic incident fields with (locally perturbed) periodic surfaces (see
[LN15,LZ17b,HN15]). Based on the theoretical results, Bloch-transform based numerical
methods have been proposed (see [LZ17a, LZ17c, LZ17b]. The Bloch transform was also
applied for other cases, i.e., scattering problems in locally perturbed periodic waveguides,
see [FJ15]. For all these works listed above, the perturbations of periodic surfaces or
inhomogeneous mediums are assumed to be compactly supported. In this case, the Bloch
transformed problem has a simplified variational form. However, for more general cases,
i.e., when the perturbations are non-compactly supported, the problems become much
more complicated and difficult to deal with. Further study on the Bloch transform is then
required for the globally perturbed problems.
In this paper, the Bloch transformed scattering problems from different periodic layers
in R2 will be investigated. A convolution operator is introduced for partial variables, and
the properties of the convolution between two Bloch transformed functions are studied.
With these results, weak formulation for the Bloch transformed scattering problems is
established, and the equivalence, well-posedness and regularity results are proved follow-
ing [Lec17]. Based on the weak formulation, the numerical method will be introduced.
The key point is the discretization with respect to the quasi-periodicity parameter. The
approximation is carried out by truncating the infinite Fourier series, and convergence has
been proved for the proposed numerical method.
The rest of the paper is organized as follows. In Section 2, the property of the convo-
lution of Bloch transformed functions will be studied. In Section 3, we will describe the
mathematical model of the scattering problems and show the well-posedness of the prob-
lem. In Section 4, we will study the Bloch transformed scattering problems. In Section
5, the discretization with respected to the quasi-periodicity parameter will be developed.
In Section 6, a finite element method will be proposed. In Section 7, several numerical
examples will be shown to illustrate the convergence of the numerical method.
2 Convolution and the Bloch transform
In this section, we will introduce and discuss a convolution operator defined between two
Bloch transformed fields. The periodic cell for x1, also called the Wigner-Seitz-cell, is
2
defined by
WΛ :=
(
−Λ
2
,
Λ
2
]
.
Let Λ∗ := 2π/Λ, then the dual cell of WΛ, i.e., the so called Brillouin zone, is defined by
WΛ∗ :=
(
−Λ
∗
2
,
Λ∗
2
]
=
(
−π
Λ
,
π
Λ
]
.
Let Ω be a unbounded domain that is Λ-periodic in x1-direction, then the Bloch transform,
denoted by JΩ, is an isomorphism between Hsr (Ω) and Hr0(WΛ∗;Hsα(ΩΛ)) (see Appendix),
where ΩΛ := Ω ∩ [WΛ × R]. As the Bloch transform has a definition that is similar to
the Fourier transform, it is possible that the convolution theorem also holds for Bloch
transformed fields. Recall the convolution theorem, i.e., for two functions f, g ∈ C∞0 (R),
F [f · g] = F [f ] ∗ F [g],
where F is the one-dimensional Fourier transform, and ∗ is the convolution between two
functions in one-dimensional space.
In this paper, we also denote the convolution between two functions defined inWΛ∗×ΩΛ
by ∗. Suppose ϕ(α, x), ψ(α, x) both belong to the space C∞(WΛ∗ × ΩΛ), and also Λ∗-
periodic with respect to α ∈ WΛ∗ , then the convolution between the two functions is
defined by
(ϕ ∗ ψ)(α, x) :=
∫
WΛ∗
ϕ(t, x)ψ(α− t, x) dt , α ∈ WΛ∗ ; x ∈ ΩΛ.
The definition could be extended to the case that this integral is well-defined.
First, let’s consider the case that ϕ, ψ ∈ C∞0 (Ω), then the Bloch transform of the
production of the two functions has the following representation
JΩ[ϕψ](α, x) = CΛ
∑
j∈Zd−1
ϕ
(
x+
(
Λj
0
))
ψ
(
x+
(
Λj
0
))
e−iα·Λj,
where CΛ =
√
Λ
2π
. Recall that the Bloch transform of ϕ and ψ have the following repre-
sentations,
JΩ ϕ(α, x) = CΛ
∑
j∈Zd−1
ϕ
(
x+
(
Λj
0
))
e−iα·Λj,
JΩ ψ(α, x) = CΛ
∑
j∈Zd−1
ψ
(
x+
(
Λj
0
))
e−iα·Λj.
As both of the functions are compactly supported, their Bloch transforms are indeed finite
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series. The convolution of the two Bloch transformed functions, JΩϕ and JΩψ satisfies
(JΩϕ) ∗ (JΩψ) (α, x)
=
∫
WΛ∗
(JΩϕ)(t, x)(JΩψ)(α− t, x) dt
=C2Λ
∫
WΛ∗
 ∑
j∈Zd−1
ϕ
(
x+
(
Λj
0
))
e−it·Λj
( ∑
ℓ∈Zd−1
ψ
(
x+
(
Λj
0
))
e−i(α−t)·Λℓ
)
dt
=C2Λ
∫
WΛ∗
∑
j,ℓ∈Zd−1
ϕ
(
x+
(
Λj
0
))
ψ
(
x+
(
Λj
0
))
e−iα·ΛℓeitΛ(ℓ−j) dt .
.
From the property that∫
WΛ∗
eiΛ(ℓ−j)t dt =
{
|det Λ∗| = 2π
Λ
= C−2Λ , j = ℓ
0, j 6= ℓ ,
the convolution satisfies
(Jϕ) ∗ (Jψ) (α, x) =
∑
j∈Zd−1
ϕ
(
x+
(
Λj
0
))
ψ
(
x+
(
Λj
0
))
e−iα·Λj
= C−1Λ J [ϕψ] (α, x).
(1)
The relationship (1) has been proved for two compactly supported smooth functions.
But for scattering problems in this paper, the functions always belong to more generalized
function spaces. In the following, we will extend this result to some weighted Sobolev
spaces.
Assume that Ω is bounded in x2-direction, then Ω
Λ ⊂ R2 is a bounded domain. Let
ϕ ∈ W n,∞(Ω) and ψ ∈ Hnr (Ω) for some n ∈ N and r ∈ R, let’s consider the convolution
between the Bloch transform of the two functions. Firstly, as W n,∞(Ω) ⊂ Hns (Ω) for any
s < −1/2, the Bloch transform of ϕ, i.e., JΩϕ ∈ Hs0(WΛ∗ ;Hnα(ΩΛ)) ⊂ D′(WΛ∗×ΩΛ). Then
the convolution between JΩϕ and JΩψ could be treated as the convolution between two
distributions.
Lemma 1. For any ϕ ∈ W n,∞(Ω) and ψ ∈ Hnr (Ω) for any n ∈ N+, r ∈ R, ϕψ ∈ Hnr (Ω)
with the norm
‖ϕψ‖Hnr (Ω) ≤ ‖ϕ‖n,∞‖ψ‖Hnr (Ω). (2)
Proof. First consider the case when n = 0. First let ψ ∈ C∞0 (Ω), then ψ ∈ H0r (Ω) and the
norms of ϕ and ψ are both bounded:
‖ϕ‖0,∞ := ess sup
x∈Ω
{|ϕ(x)|} <∞,
‖ψ‖H0r (Ω) :=
[∫
Ω
(1 + |x1|2)r|ψ(x)|2 dx
]1/2
<∞.
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The product of ϕ and ψ is compactly supported and essentially bounded, thus it belongs
to H0r (Ω). Moreover,∫
Ω
(1 + |x1|2)r|ϕ(x)ψ(x)|2 dx ≤ ‖ϕ‖20,∞
∫
Ω
(1 + |x1|2)r|ψ(x)|2 dx
≤ ‖ϕ‖20,∞‖ψ‖H0r (Ω),
then ϕψ ∈ H0r (Ω) with ‖ϕψ‖H0r (Ω) ≤ ‖ϕ‖0,∞‖ψ‖H0r (Ω). The result could be obtained for
any ψ ∈ H0r (Ω), for C∞0 (Ω) is a dense subspace of H0r (Ω).
The cases that n ≥ 1 could be studied similarly, thus the proof is omitted here. The
proof is finished.
As ϕψ ∈ Hnr (Ω), its Bloch transform JΩ[ϕψ] ∈ Hr0(WΛ∗ ;Hnα(ΩΛ)) has the representa-
tion
JΩ[ϕψ] = CΛ
∑
j∈Z
ϕ
(
x+
(
Λj
0
))
ψ
(
x+
(
Λj
0
))
e−iα·Λj,
with the norm (Remark 22)
‖JΩ[ϕψ]‖2Hr0 (WΛ∗ ;Hnα(ΩΛ)) =
∑
ℓ∈Z
(1+ |ℓ|2)r ∥∥ϕ (·+ ( Λj0 ))∥∥2Wn,∞(ΩΛ) ∥∥ψ (·+ ( Λj0 ))∥∥2Hnα(ΩΛ) <∞
In the next theorem, the relationship (1) is extended to weighted Sobolev spaces.
Theorem 2. For any ϕ ∈ W n,∞(Ω) and ψ ∈ Hnr (Ω), the convolution (JΩϕ) ∗ (JΩψ) ∈
Hr0(WΛ∗ ;H
n
α(Ω
Λ)) with
(JΩϕ) ∗ (JΩψ) = C−1Λ [ϕψ](α, x).
Moreover, there is a positive constant C that depends on Λ and r such that
‖(JΩϕ) ∗ (JΩψ)‖Hr0 (WΛ∗ ;Hnα(ΩΛ)) ≤ C‖ϕ‖n,∞‖ψ‖Hnr (Ω).
Proof. Let n = 0. First, let ψ ∈ C∞0 (Ω), then ψ ∈ H0r (Ω) and its Bloch transform
(JΩψ) (α, x) = CΛ
∑
j∈Z
ψ
(
x+
(
Λj
0
))
e−iαΛj
is has only finite non-zero terms. Thus the convolution
(JΩϕ) ∗ (JΩψ) (α, x) =
∫
WΛ∗
(Jϕ)(t, x)(Jψ)(α− t, x) dt
=CΛ
∑
j∈Z
e−iαΛj
〈
(Jϕ) (t, x), ψN
(
x+
(
Λj
0
))
e−itΛj
〉
L2(WΛ∗ )
=
∑
j∈Z
ϕ
(
x+
(
Λj
0
))
ψN
(
x+
(
Λj
0
))
e−iαΛj .
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The function belongs to the space Hr0(WΛ∗ ;H
0
α(Ω
Λ)) with the norm
‖(Jϕ) ∗ (Jψ) (α, x)‖2Hr0 (WΛ∗ ;H0α(ΩΛ))
=
∑
ℓ∈Z
(1 + |ℓ|2)r ∥∥ϕ (x+ ( Λj0 ))ψ (x+ ( Λj0 ))∥∥2Hnα(ΩΛ)
≤C‖ϕ‖20,∞‖ψ‖2H0r (Ω).
Thus the equation (1) holds for any ψ ∈ C∞0 (Ω). The proof for n ≥ 1 is similar thus
is omitted. By the density of C∞0 (Ω) in H
n
r (Ω), the result could be extended to any
ψ ∈ Hnr (Ω). The proof is finished.
For the convenience of the rest of this paper, we will introduce the following operator.
Definition 3. Suppose ϕ ∈ W n,∞(Ω), then for any ψ ∈ Hr0(WΛ∗ ;Hnα(ΩΛ)), define the
operator Cϕ by
Cϕ(ψ) = (JΩ ϕ) ∗ ψ. (3)
From Theorem 2, the operator satisfies the following property.
Theorem 4. The operator Cϕ ∈ L
(
Hr0(WΛ∗ ;H
n
α(Ω
Λ)
)
for any r ∈ R and
Cϕ(ψ) = C
−1
Λ JΩ
[
ϕ
(J −1P ψ)] . (4)
Moreover, the norm of Cϕ is bounded by
‖Cϕ‖L(Hr0 (WΛ∗ ;Hnα(ΩΛ)) ≤ C‖ϕ‖n,∞. (5)
3 Scattering problems: mathematical model
In this section, we describe the mathematical modal for the scattering problems from
periodic layers with different periodicities in two dimensional spaces (see Figure 1). Let
the straight line Γh := R × {h} for any h ∈ R, and assume that Γh0 where h0 > 0 is a
sound-soft surface. Define the domains by
D := R× (h0,∞); DH = R× (h0, H)
where H > h0. Assume that the infinite layer is embedded inDH for some fixed H , and it is
divided into two layers by a straight line ΓH1 , for some H1 ∈ (h0, H). LetD1 = R×(h0, H1)
and D2 = R× (H1, H). Let
n(x1, x2) =

n1(x1, x2), when x ∈ D1;
n2(x1, x2), when x ∈ D2;
0, when x2 ≥ H,
where n1 and n2 is are periodic functions in x1-direction. The period of n1 is Λ1 > 0 and
that of n2 is Λ > 0. There is no requirements for the relationship between the positive
numbers Λ and Λ1.
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Figure 1: Inhomogeneous layers with different periodicities.
Consider a scattering problem with an inhomogeneous medium, which is modelled by
the Helmholtz equation with a homogeneous Dirichlet boundary value on Γh0”
∆u+ k2(1 + n)u = g in D, u = 0 on Γh0, (6)
where g is the source term supported in DH . To guarantee the well-posedness of the
scattering problem, it is required that u satisfies the following boundary condition on ΓH
∂u
∂x2
(x1, H) = T
+
[
u
∣∣
ΓH
]
+ f, (7)
where T+ is the Dirichlet-to-Neumann map (see [CM05]) defined by
T+ϕ =
i
2π
∫
R
√
k2 − |ξ|seix1·ξ ϕ̂(ξ) dξ , where ϕ = 1
2π
∫
R
eix1·ξ ϕ̂(ξ) dξ , (8)
and it is a bounded linear operator from H
1/2
r (ΓH) into H
−1/2
r (ΓH) for any |r| < 1, see
[CE10]. The scattering problem is now written into the one that defined ion the domain
ΩH with finite height. The weak formulation for the scattering problem is, given any
f ∈ H−1/2(ΓH), to find a solution u ∈ H˜1(ΩH) such that∫
DH
[∇u · ∇v − k2(1 + n)uv] dx − ∫
ΓH
T+
[
u
∣∣
ΓH
]
v ds =
∫
ΓH
fv ds −
∫
DH
gv dx , (9)
for all v ∈ H˜1(DH) with compact support in DH . The variational problem could also be
analysed in the weighted Sobolev space H˜1r (DH).
Remark 5. The tilde in H˜1r (DH) shows that the functions in this space belong to H
1
r (DH)
and satisfy homogeneous Dirichlet boundary condition on Γh0. Similar notations are
adopted for other spaces, e.g., Hr0(WΛ∗; H˜
s
α(D
Λ
H)).
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From [CE10], the left-hand-side of the variational form (9) is a bounded sesquilinear
form defined in H˜1r (DH)×H1−r(DH). There is a bounded linear operator depending on n,
i.e., Br(n) : H1r (DH)→ (H1r (DH))∗ such that∫
DH
[∇u · ∇v − k2(1 + n)uv] dx − ∫
ΓH
T+
[
u
∣∣
ΓH
]
v ds = (Br(n)u, v)H1r (DH )×(H1r (DH ))∗ .
Especially, when n = 0 in D, the problem is reduced into the scattering problem from
the sound soft surface Γh0, which was proved to be well-posed in weighted Sobolev spaces,
thus Br(0) is invertible (see [CE10]). Thus the operator
Br(n) := Br(0) +
[Br(n)− Br(0)]
is a perturbation of the isomorphism Br(0). The perturbation Br(n)− Br(0) satisfies
([Br(n)− Br(0)] u, v)H1r (DH )×(H1r (DH ))∗ = −k
2
∫
DH
nuv dx ,
thus it is a compact operator. So Br(n) is a Fredholm operator. Thus to prove the
invertibility of Br(n), it is sufficient to prove that it is an injection. From the Fredholm
alternative, there is a discrete set C ⊂ R+(:= (0,∞)) such that when k ∈ C such that the
problem is not well-posed. To guarantee the well-posedness of the problem (9), we assume
that the following assumption holds.
Assumption 6. One of the following conditions is satisfied:
1. k belongs to R+ except for the discrete subset C.
2. There is a non-empty open subdomain O ⊂ ΩH such that Im (n) > 0 in O.
3. ‖n‖L∞(DH ) is small enough.
Theorem 7. When Assumption 6 is satisfied, given the functions g ∈ H−1r (DH) and
f ∈ H−1/2r (ΓH) for any |r| < 1, the variational problem (9) is uniquely solvable in the
space H˜1r (DH).
Remark 8. The conditions in Assumption 6 are not optimal. In fact, a number of research
papers are devoted to the well-posedness of the scattering problems from rough layers,
for details we refer to [ZCW98,CWMT07,LR10] for Helmholtz equations and [CWZ98a,
CWZ99,HL11] for Maxwell’s equations. However, in this paper, as we are only interested
in the numerical solutions for this kind of problems, no more details for the well-posedness
will be explained.
4 The Bloch transform of the scattering problems
In this section, we will apply the Bloch transform (see Appendix) to analyse the scattering
problems. Let ΓΛH and D
Λ
H be ΓH and DH restricted in one periodic cell WΛ × R, i.e.,
ΓΛH = ΓH ∩ [WΛ × R] , DΛH = DH ∩ [WΛ × R] .
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The definitions are similar for other domains restricted in one periodic cell WΛ × R.
Let n˜ be the Λ-periodic function defined by
n˜ =
{
n2, x ∈ D2;
1, otherwise.
Then n1 = n − n˜ + 1 in D1. Extend n1 by 0 to the half space D, it is Λ1-periodic
in D. Use the property of the Bloch transform, let w = JDHu, ϕ = JDHv, then w ∈
Hr0(WΛ∗ ; H˜
1
α(D
Λ
H)), the variational form is equivalent to∫
WΛ∗
aα(w(α, ·), ϕ(α, ·)) dα − k2
∫
D1
n1uv dx =
∫
WΛ∗
Fα(ϕ(α, ·)) dα
for any ϕ ∈ H−r0 (WΛ∗ ;H1α(DΛH)) with compact support, where aα(·, ·) is a sesquilinear form
and Fα(·) is a conjugate linear functional defined by
aα(w, ϕ) :=
∫
DΛH
[∇w · ∇ϕ− k2n˜wϕ] dx − ∫
ΓΛH
T+α (w)ϕds , (10)
Fα(ϕ) =
∫
ΓΛH
[JΓHf ] (α, x)ϕds(x) −
∫
DΛH
[JDg] (α, x)ϕdx , (11)
and T+α is the α-quasi-periodic Dirichlet-to-Neumann operator defined by
T+α ψ = i
∑
j∈Z
√
k2 − |Λ∗j − α|2ψ̂(j)ei(Λ∗j−α)·x1, ψ =
∑
j∈Z
ψ̂(j)ei(Λ
∗j−α)·x1 .
As n1 is a bounded function in D, u ∈ H1r (DH) and ψ = J −1DHϕ ∈ H1−r(DH), the
integral
∫
D1
n1uv dx is well defined, and∣∣∣∣∫
D1
n1uψ dx
∣∣∣∣ ≤ C‖n1‖L∞(D1) ‖u‖H1r (DH ) ‖ψ‖H1−r(DH )
≤ C‖n1‖L∞(D1)‖ ‖w‖Hr0 (WΛ∗ ;H1α(DH )) ‖ϕ‖H−r0 (WΛ∗ ;H1α(DH )).
Define the sesquilinear form b(·, ·)
b(w, ϕ) :=
∫
D
n1uψ dx =
∫
D
n1(J −1DHw) ·
(J −1DHϕ) dx .
With the definition of the operator Cϕ in (3),
b(w, ϕ) =
∫
DH
J −1DH [Cn1w]
(J −1DHϕ) dx = CΛ ∫
WΛ∗
∫
DΛH
[Cn1w]ϕ dx dα ,
then it is a bounded sesquilinear form defined on Hr0(WΛ∗ ; H˜
1
α(D
Λ
H))×H−r0 (WΛ∗ ; H˜1α(DΛH)).
Finally we arrive at the variational formulation, i.e., for any ϕ ∈ L2(WΛ∗ ; H˜1α(DΛH)), w
satisfies ∫
WΛ∗
aα(w(α, ·), ϕ(α, ·)) dα − k2 b(w, ϕ) =
∫
WΛ∗
Fα(ϕ(α, ·)) dα , (12)
where aα(·, ·) and Fα(·) are defined by (10)-(11).
From the arguments above, we can obtain the equivalence of the weak formulation (9)
of the scattering problem and the variational problem (12).
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Lemma 9. Assume that f ∈ H−1/2r (ΓH) and g ∈ H−1r (DH) for some r ∈ [0, 1), then
u ∈ H˜1r (DH) satisfies (9) if and only if w = JDHu ∈ Hr0(WΛ∗ ; H˜1α(DΛH)) satisfies (12) for
F ∈ L (H−r0 (WΛ∗ ;H1α(DΛH)),C) defined by (11).
With the equivalence between (9) and (12) in Lemma 9, we will show the unique
solubility of the variational problem (12).
Theorem 10. Suppose k and n satisfies Assumption 6. Given any F ∈
L (H−r0 (WΛ∗ ;H1α(DΛH)),C) for some r ∈ [0, 1) defined by (11), the variational problem
(12) has a unique solution in Hr0(WΛ∗ ; H˜
1
α(D
Λ
H)).
Proof. The first step is to prove the existence of the solution of (12). Given F ∈
L (H−r0 (WΛ∗ ;H1α(DΛH)),C) defined by (11) for some f ∈ H−1/2r (ΓH) and g ∈ H−1/2r (DH).
Thus from Theorem 7, there is a unique solution u ∈ H˜1r (DH) to the problem (9). From
Lemma 9, w = JDHu ∈ Hr0(WΛ∗; H˜1α(DΛH)) is a solution to the variational problem (12).
Then we prove the uniqueness of the solution. Suppose w ∈ Hr0(WΛ∗ ; H˜1α(DΛH)) is a
solution to the problem (12) with F = 0, by choosing suitable test function ϕ, it is easy
to prove that JΓHf = 0 and JDHg = 0, thus from the property of the Bloch transform,
f = 0 and g = 0. Then u := J −1DHw is a solution to the problem (9) with f = 0 and g = 0.
From the unique solvability of (9), u = 0, thus w = 0. The proof is finished.
When f and g have higher regularities, the Bloch transformed field w will be smoother
with respect to α (see [LZ17c])
Theorem 11. Assume that f ∈ H1/2r (ΓH) and g ∈ H0r (DH) for some r ∈ [0, 1). Then the
solution w ∈ Hr0(WΛ∗; H˜2α(DΛH)) and u = J −1DHw ∈ H˜2r (DH).
When f and g decays faster at the infinity, the Bloch transformed field w depends
continuously on the quasi-periodicity parameter α.
Theorem 12. If f ∈ H−1/2r (ΓH) and g ∈ H−1r (DH) for some r ∈ (1/2, 1), then the solution
w ∈ Hr0(WΛ∗ ; H˜1α(DΛH)) equivalently satisfies for all α ∈ WΛ∗ and vα ∈ H˜1α(DΛH) such that
aα(w(α, ·), vα)− k2
∫
DΛH
[Cn1w] (α, x)vα(x) dx = Fα(vα). (13)
Remark 13. In this paper, the choice of the parameter Λ in the Floquet-Bloch transform
is chosen as the period of n2. In fact, it is OK to choose the period of n1 and all of the
arguments are similar.
However, the choice of the parameter is kind of arbitrary – we can even choose the
parameter which is neither the period of n1 nor that of n2, then the problem is treated as
the scattering problem with a rough layer. In this case, the computational complexity is
possible to be increased in numerical implementation.
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5 Discretization with respect to the quasi-periodic
parameter
When the perturbation is local, the term b(w, ϕ) has a simplified representation, thus the
problem is easily to be dealt with (see [Lec17,HN15]). However, when the perturbation
does not have a compact support, the problem becomes much more complicated. From
the definition of b(w, ϕ), it involves the convolution between the Bloch transform of n1
and the function w, where JDHn1 may not be a regular function. Especially, as n1 is a
periodic function, the Bloch transform may be the Dirac Delta function. In this section,
we consider the suitable approximation of the globally perturbed problem, and introduce
a discretization of the problem with respect to the variable α.
Let the uniformly distributed grid points
α
(1)
N = −
π
Λ
+
π
NΛ
, α
(j)
N = α
(j−1)
N +
2π
NΛ
∈ WΛ∗ , j = 2, . . . , N,
and the basic functions
{
ψ
(j)
N
}N
j=1
are defined by
ψ
(j)
N (α) =
1
N
∑
ℓ∈ZN
exp
(
iΛℓ(α− α(j)N )
)
,
where ZN := {−N/2 + 1, . . . , N/2} for any even positive integer N .Thus ψ(j)N equals to 1
at α
(j)
N and 0 on other nodal points.
Remark 14. For simplicity, in this paper we assume N is even.
From classical Fourier analysis, if a function ϕ is a periodic function defined in WΛ∗
with the Fourier series
ϕ(t) =
∑
j∈Z
ϕ̂j exp (iΛjt) ,
the truncated Fourier series has the following representation
ϕN(t) :=
∑
j∈ZN
ϕ̂j exp (iΛjt) =
N∑
j=1
ϕ
(
α
(j)
N
)
ψ
(j)
N (t), t ∈ WΛ∗ .
5.1 Approximated by truncated Fourier series
As wB has the Fourier series expansion (see Remark 22)
wB(α, x) =
∑
ℓ∈Z
ŵ(ℓ, x)ϕ
(ℓ)
Λ∗(α),
where ŵ(ℓ, ·) ∈ H1(DΛH) satisfies
‖wB‖2Hr0 (WΛ∗ ;H˜1α(DΛH )) =
∑
ℓ∈Z
(1 + |ℓ|2)r‖ŵ(ℓ, ·)‖2H1(DΛH ) <∞.
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Thus the truncated Fourier series is defined by
wN(α, x) :=
∑
ℓ∈ZN
ŵ(ℓ, x)ϕ
(ℓ)
Λ∗(α) (14)
The next theorem shows that the finite series wN is a reasonable approximation of wN in
the space Hr
′
0 (WΛ∗ ; H˜
1
α(D
Λ
H)), where r
′ is any real number that is not larger than r.
Theorem 15. Suppose wB ∈ Hr0(WΛ∗ ; H˜1α(DΛH)), then the finite Fourier series wN con-
verges to wB as N tends to infinity
lim
N→∞
wN = wB in H
r
0(WΛ∗ ; H˜
1
α(D
Λ
H)).
For any r′ < r, wN converges to wB with the error bounded by
‖wB − wN‖Hr′0 (WΛ∗ ;H˜1α(DΛH )) ≤ (N/2)
r′−r‖wB‖Hr0 (WΛ∗ ;H˜1α(DΛH )).
Proof. From the assumption that wB ∈ Hr0(WΛ∗ ; H˜1α(DΛH)),
‖wB − wN‖2Hr0 (WΛ∗ ;H˜1α(DΛH )) =
∑
ℓ∈Z\ZN
(1 + |ℓ|2)r‖ŵ(ℓ, ·)‖2H1(DΛH ) → 0 as N →∞,
thus wN → wB in Hr0(WΛ∗ ; H˜1α(DΛH)).
Given any r′ < r,
‖wB − wN‖2Hr′0 (WΛ∗ ;H˜1α(DΛH )) =
∑
ℓ∈Z\ZN
(1 + |ℓ|2)r′‖ŵ(ℓ, ·)‖2H1(DΛH )
≤(N/2)2(r′−r)
∑
ℓ∈Z\ZN
(1 + |ℓ|2)r‖ŵ(ℓ, ·)‖2H1(DΛH )
=(N/2)2(r
′−r)‖wB‖2Hr0 (WΛ∗ ;H˜1α(DΛH )).
The proof is finished.
From this result, wN is a reasonable choice of approximation of wB. Moreover, wN(α, x)
has the alternative representation
wN(α, x) =
N∑
ℓ=1
w
(
α
(ℓ)
N , x
)
ψ
(ℓ)
N (α). (15)
Next is to consider the weak formulation of wN and the well-posedness of the new
variational problem. Define the compactly supported function nN1 by
nN1 (x) :=
{
n1(x), x ∈ (−NΛ/2 + Λ, NΛ/2)× [h0, H1];
0, otherwise.
(16)
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From the definition of operator Cn1, with the orthogonality of exponential functions,
Cn1(wN) = (JDHn1) ∗ wN
=
∫
WΛ∗
[
CΛ
∑
j∈Z
n1
(
x+
(
Λj
0
))
e−i(α−t)·Λj
]
·
[
N∑
ℓ=1
w
(
α
(ℓ)
N , x
)
ψ
(ℓ)
N (t)
]
dt .
From the definition of the basis function ψ
(ℓ)
N , the integral∫
WΛ∗
eitΛjψ
(ℓ)
N (t) dt =
∫
WΛ∗
eitΛj
[
1
N
∑
ℓ′∈ZN
exp
(
iΛℓ′
(
t− α(ℓ)N
))]
dt , (17)
thus the integral equals to 0 when j /∈ ZN and equals to 1NC2Λ exp
(
iα
(ℓ)
N Λj
)
when j ∈ ZN .
So
Cn1(wN) =
1
NCΛ
∑
j∈ZN
N∑
ℓ=1
n1
(
x+
(
Λj
0
))
w
(
α
(ℓ)
N , x
)
exp
(
i
(
α
(ℓ)
N − α
)
· Λj
)
.
From similar argument, we can prove that
Cn1(wN) = CnN1 (wB) = CnN1 (wN).
Define bN by replacing n1 with n
N
1 , it is also easy to obtain
b(wN , ϕ) = bN (w, ϕ).
Define the finite Fourier series of ϕ by ϕN similar to wN , then (ϕN , ϕ− ϕN)L2(WΛ∗ ) = 0
and satisfies
bN (w, ϕ) = b(w, ϕN) = b(wN , ϕN).
We can define the truncated conjugate linear functional FNα by replacing f and g in (11)
by
fN(x) :=
{
f(x), x ∈ (−NΛ/2, NΛ/2)× {H};
0, otherwise,
(18)
gN(x) :=
{
f(x), x ∈ (−NΛ/2, NΛ/2)× (h0, H);
0, otherwise.
(19)
From similar arguments, the following properties hold∫
WΛ∗
FNα (ϕ) dα =
∫
WΛ∗
Fα(ϕN) dα ;
∫
WΛ∗
FNα (ϕ− ϕN) = 0.
Replace ϕ by ϕN in 12, from the orthogonality of exponential functions,∫
WΛ∗
aα(wN(α, ·), ϕN(α, ·)) dα − k2bN (wN , ϕN) =
∫
WΛ∗
Fα(ϕN(α, ·)) dα .
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Replace ϕ by ϕ− ϕN and use the orthogonality again,∫
WΛ∗
aα(wN(α, ·), (ϕ− ϕN )(α, ·)) dα = 0; b(wN , ϕ− ϕN) = bN (wN , ϕ− ϕN) = 0.
Thus wN satisfies the following weak formulation∫
WΛ∗
aα(wN(α, ·), ϕ(α, ·)) dα − k2bN (wN , ϕ) =
∫
WΛ∗
FNα (ϕ(α, ·)) dα , (20)
which is the variational form of the scattering problem with respected to the truncated
refractive index nN1 , the truncated boundary value fN and the truncated source gN .
Moreover, when N is large enough, the sesquilinear form bN (·, ·) converges to b(·, ·) in
L
(
Hr0(WΛ∗ ; H˜
1
α(D
Λ
H)), H
−r
0 (WΛ∗; H˜
1
α(D
Λ
H))
)
, the scattering problem with respect to nN1 is
a small enough perturbation of the original one. Thus when Assumption 6 is satisfied, the
variational problem (20) is uniquely solvable in Hr0(WΛ∗ ; H˜
1
α(D
Λ
H)). The result is concluded
in the following theorem.
Theorem 16. Suppose k and n satisfy Assumption 6, the truncated functions nN1 , fN , gN
are defined by (16)-(19). Then the truncated function wN is the solution with respect to n
N
1 ,
fN and gN . Moreover, when N is large enough, the variational problem (20) is uniquely
solvable in Hr0(WΛ∗ ; H˜
1
α(D
Λ
H)).
5.2 Discretization with respect to α
In this section, the discretization is presented in the interval WΛ∗ . First define the finite
dimensional subspace with respect to the variable α by
YN :=
{
wN(α, x) =
N∑
j=1
ŵ
(j)
N ψ
(j)
N (α) : ŵ
(j)
N ∈ H˜α(j)N (D
Λ
H)
}
.
It is easy to check that YN ⊂ L2
(
WΛ∗ ; H˜
1
α(D
Λ
H)
)
. Then we will seek for a solution wN ∈ YN
to the finite dimensional problem∫
WΛ∗
aα(wN , vN) dα − k2b(wN , vN) =
∫
WΛ∗
Fα(vN) dα . (21)
The first term and the right hand side is easier to dealt with, i.e.,∫
WΛ∗
aα(wN(α, ·), ϕN(α, ·)) dα
=
∫
WΛ∗
aα
(∑
ℓ∈ZN
w
(
α
(ℓ)
N , x
)
ψ
(ℓ)
N (α),
∑
ℓ′∈ZN
ϕ
(
α
(ℓ′)
N , x
)
ψ
(ℓ′)
N (α)
)
dα
=
∑
ℓ, ℓ′∈ZN
∫
WΛ∗
aα
(
w
(
α
(ℓ)
N , ·
)
, ϕ
(
α
(ℓ′)
N , ·
))
ψ
(ℓ)
N (α)ψ
(ℓ′)
N (α) dα ;
(22)
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and ∫
WΛ∗
Fα(ϕN(α, x)) dα =
∑
ℓ′∈ZN
∫
WΛ∗
Fα
(
ϕ
(
α
(ℓ′)
N , ·
))
ψ
(ℓ′)
N (α) dα . (23)
The more complicated term is b(wN , ϕN). Recall the form of the convolution operator
Cn1(wN) =
1
NCΛ
∑
j∈ZN
N∑
ℓ=1
n1
(
x+
(
Λj
0
))
w
(
α
(ℓ)
N , x
)
e
i
(
α
(ℓ)
N −α
)
Λj
,
then the sesquilinar form has the representation
b(wN , ϕN) =
∫
WΛ∗
∫
DΛH
1
N
[ ∑
m∈ZN
N∑
ℓ=1
n1 (x+ ( Λm0 ))w
(
α
(ℓ)
N , x
)
exp
(
i
(
α
(ℓ)
N − α
)
· Λm
)]
·
[
N∑
ℓ′=1
ϕ
(
α
(ℓ′)
N , x
)
ψ
(ℓ′)
N (α)
]
dx dα .
(24)
Use the property (17) again, b(wN , ϕN) has the following representation
b(wN , ϕN) =
CΛ
N2
∑
m∈ZN
N∑
ℓ,ℓ′=1
e
i
(
α
(ℓ)
N −α
(ℓ′)
N
)
·Λm
∫
DΛH
n1 (x+ ( Λm0 ))w
(
α
(ℓ)
N , x
)
ϕ
(
α
(ℓ′)
N , x
)
dx .
(25)
Thus all the terms in (20) has been written as finite sums, it is possible to introduce a
finite element for the numerical solution.
6 The finite element method
In this section, we discuss a Garlekin discretization of the variational formulation (12)
and the finite element method is applied to the numerical solutions. As was shown in
the last section, the field wB(α, ·) has been approximated by finite Fourier series, and the
discretization with respect to α has been established. Thus we only need to continue with
the discretization with respect to x.
Assume that Mh is a family of regular and quasi-uniform meshes (see [BS94]) for the
periodic cell DΛH , where 0 < h ≤ h0 and h0 is a small enough positive number. To obtain
the periodic basic functions, it is required that the nodal points on the left and right
boundaries have the same heights. By omitting the nodal points on the left boundary,
let
{
ϕ
(ℓ)
M
}M
ℓ=1
be the piecewise linear and globally continuous nodal functions equal to
one at one point except for the lower boundary and zero at other nodal points, then
V˜h := span
{
ϕ
(ℓ)
M
}M
ℓ=1
is a subspace H˜10 (D
Λ
H). Then we can define the finite element space
X˜N,h by
X˜N,h :=
{
vN,h(α, x) = e
−iαx1
N∑
j=1
M∑
ℓ=1
v
(j,ℓ)
N,h ψ
(j)
N (α)ϕ
(ℓ)
M (x) : v
(j,ℓ)
N,h ∈ C
}
.
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It is easy to check that X˜N,h ⊂ L2(WΛ∗ ; H˜1α(DΛH)) following [LZ17b]. Moreover, from the
definition of the basic functions, X˜N,h ⊂ XN
(
WΛ∗ ; H˜
1
α(D
Λ
H)
)
. We will seek for a finite
element solution wN,h ∈ X˜N,h to the finite-dimensional problem∫
WΛ∗
aα(wN,h, vN,h) dα + b(wN,h, vN,h) =
∫
WΛ∗
Fα(vN,h) dα (26)
for any vN,h ∈ X˜N,h. It is easy to write out the discrete form of the finite dimensional
problem with the help of (22)-(24). For any
wN,h = e
−iαx1
N∑
ℓ=1
M∑
j=1
w
(ℓ,j)
N,h ψ
(ℓ)
N (α)ϕ
(j)
M (x), vN,h = e
−iαx1
N∑
ℓ′=1
M∑
j′=1
w
(ℓ′,j′)
N,h ψ
(ℓ′)
N (α)ϕ
(j′)
M (x).
The first term ∫
WΛ∗
aα(wN,h, vN,h) dα =
N∑
ℓ,ℓ′=1
M∑
j,j′=1
Aℓ,ℓ′,j,j′w
(ℓ,j)
N,h v
(ℓ′,j′)
N,h
where
Aℓ,ℓ′,j,j′ =
∫
WΛ∗
aα
(
e−iαx1ϕ
(j)
M , e
−iαx1ϕ
(j′)
M
)
ψ
(ℓ)
N (α)ψ
(ℓ′)
N (α) dα .
The second term
b(wN,h, vN,h) =
N∑
ℓ,ℓ′=1
M∑
j,j′=1
Bℓ,ℓ′,j,j′w
(ℓ,j)
N,h v
(ℓ′,j′)
N,h ,
where
Bℓ,ℓ′,j,j′ =
CΛ
N2
∑
m∈ZN
e
i
(
α
(ℓ)
N −α
(ℓ′)
N
)
·Λm
∫
DΛH
n1 (x+ ( Λm0 ))ϕ
(j)
M (x)ϕ
(j′)
M (x) dx .
The right hand side ∫
WΛ∗
Fα(α, x) (ϕN(α, ·)) dα =
N∑
ℓ′=1
M∑
j′=1
Fℓ′,j′v
ℓ′,j′
N,h ,
where
Fℓ′,j′ =
∫
WΛ∗
[∫
ΓΛH
(JΓHf) (α, x)ϕ(j
′)
M (x) ds (x) +
∫
DΛH
(JΩHg) (α, x)ϕ(j
′)
M (x) dx
]
ψℓ
′
N (α) dα .
Thus the discretization equation has the formulation of
∑
ℓ,ℓ′∈ZN
M∑
j,j′=1
[
Aℓ,ℓ′,j,j′ − k2Bℓ,ℓ′,j,j′
]
w
(ℓ,j)
N,h v
(ℓ′,j′)
N,h =
∑
ℓ′∈ZN
M∑
j′=1
Fℓ′,j′v
(ℓ′,j′)
N,h . (27)
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Remark 17. There is a little difference between the numerical scheme discussed in this
section and that used for numerical experiments in the next section. In fact, for numerical
experiments, the scattered field us := u−ui is investigated instead of the total field u, thus
the problem becomes one with non-vanishing Dirichlet boundary condition and f = 0 on
ΓH . The Bloch transformed field, w
s(α, ·) := JDHus, is periodized by letting vs(α, ·) :=
eiαx1ws(α, ·). The weak formulation of vs(α, ·) comes from the variational problem (12),
and is equivalent to (12). The discretization scheme is only slightly different from the
one described in this section, thus it is omitted here. For the details of the numerical
implementation we refer to Section 6 in [LZ17b].
Following the proof of Theorem 9 in [LZ17b], together with the error estimation of the
truncated Fourier series in Theorem 15, the unique solvability of the finite dimensional
linear system (27) and the convergence of the finite element method will be concluded in
the following theorem.
Theorem 18. Assume that k and n satisfy Assumption 6, f ∈ H1/2r (ΓH) and g ∈
H−1r (DH) for some r ≥ 1/2. The linear system (26) is uniquely solvable in X˜N,h for
any F defined by (11) in L (H−r0 (WΛ∗;H1α(DΛH)),C) when N ≥ N0 is large enough and
0 < h < h0 is small enough. The solution wN,h ∈ X˜N,h satisfies the error estimate
‖wN,h − wB‖L2(WΛ∗ ;Hℓ(DΛH )) ≤ Ch
1−ℓ
(
N−r + h
) ‖f‖
H
1/2
r (ΓH )
, ℓ = 0, 1. (28)
7 Numerical examples
In this section, four examples are presented and the relative errors of the numerical al-
gorithm are listed to illustrate the convergence result. We choose two different groups
of different periodic refractive indexes (n1, n2), both of which are embedded in the half
domain above the line R× {1}. The first group of functions is defined as follows.
n11 = (0.25 sin(x1) + 0.01i)X[2.2,2.8](x2);
n21 = (0.1 sin(2.4x1) + 0.01i)X[1.2,1.8](x2),
where X[a,b] is a cut off function that equals to 1 in the interval [a, b] and equals to
0 otherwise. In the second group, n12 is assumed to be 0.25 in circles with center at
(2πn, 2.5) (n ∈ Z) with radius 0.3 and equals to 0 otherwise; n22 is assumed to be −0.25
in squares with center (2n, 1.5) (n ∈ Z) with length 0.6. Both n11 and n12 are 2π-periodic
functions in x1-direction supported in the strip R × (2, 3) and belong to L2loc(R × (2, 3));
while both the function n21 and n22 are supported in R×(1, 2) and belong to L2loc(R×(1, 2)).
Moreover, n21 is 5π/6-periodic while n22 is 2-periodic.
Recall the half space Green’s function
G(x, y) =
i
4
[
H
(1)
0 (k|x− y|)−H(1)0 (k|x− y′|)
]
,
where y = (y1, y2)
⊤ and y′ = (y1,−y2)⊤. By enlarging the value of h0, it is required that
y2 < h0. Thus the point source is located in the upper half space below Γh0 (see Figure 2).
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ΓH
1
ΓH
Γh
0
Ω2
Ω1
point source
Γ0
Figure 2: Locations of the periodic layers and point sources.
Define the functions as
g(x) = k2G(x, y) in D;
f(x) =
∂G(x, y)
∂x2
− T+
[
G(·, y)∣∣
ΓH
]
on Γh0.
The Green’s functions in this section are located at the points
P1 = (0.5, 0.4); P2 = (π, 0.2).
It is clearly that G(·, y) is the solution of (6)-(8). When Assumption 6 holds, it is also the
unique solution of (9).
In the numerical examples, the following parameters are chosen:
Λ = 2π, Λ∗ = 1, H = 3, H1 = 2, h0 = 1.
The numerical scheme is carried out for the mesh size h is chosen as 0.16, 0.08, 0.04, 0.02
and the parameter N is taken as 10, 20, 40, 80. Then the following four examples are
considered for different h and N , and the relative L2-errors on ΓH , defined by
err =
‖uN,h − u‖L2(ΓΛH )
‖u‖L2(ΓΛH )
are listed in Table 1-4.
Example 1. The wave number k = 1, the point source is located at P1, the refractive
indexes are defined by n11 and n21, the relative errors are listed in Table 1.
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Example 2. the wave number k = 6, the point source is located at P1, the refractive
indexes are defined by n11 and n21, the relative errors are listed in Table 2.
Example 3. The wave number k = 1, the point source is located at P2, the refractive
indexes are defined by n12 and n22, the relative errors are listed in Table 3.
Example 4. the wave number k = 6, the point source is located at P2, the refractive
indexes are defined by n12 and n22, the relative errors are listed in Table 4.
Table 1: Relative L2-errors for Example 1.
h = 0.16 h = 0.08 h = 0.04 h = 0.02
N = 10 4.8E−02 4.8E−02 4.7E−02 4.7E−02
N = 20 1.8E−02 1.7E−02 1.7E−02 1.7E−02
N = 40 7.2E−03 6.1E−03 5.9E−03 5.9E−03
N = 80 3.9E−03 2.4E−03 2.1E−03 2.3E−03
Table 2: Relative L2-errors for Example 2.
h = 0.16 h = 0.08 h = 0.04 h = 0.02
N = 10 3.4E−01 1.2E−01 9.6E−02 1.1E−01
N = 20 3.4E−01 9.8E−02 4.0E−02 4.1E−02
N = 40 3.4E−01 9.6E−02 2.6E−02 1.6E−02
N = 80 3.5E−01 9.6E−02 2.5E−02 8.3E−03
Table 3: Relative L2-errors for Example 3.
h = 0.16 h = 0.08 h = 0.04 h = 0.02
N = 10 5.9E−02 5.9E−02 5.8E−02 5.9E−02
N = 20 2.2E−02 2.1E−02 2.1E−02 2.1E−02
N = 40 8.7E−03 7.5E−03 7.3E−03 7.3E−03
N = 80 4.5E−03 2.9E−03 2.6E−03 2.6E−03
From errors listed in Table 1-4, the relative error decreases when N gets larger and h
gets smaller, thus it is shown that the numerical method converges as N →∞ and h→ 0+.
When the wave number is relatively small, i.e., k = 1, the error brought by N is dominant,
thus the error brought by h could be ignored for small enough h, e.g., h = 0.02, 0.04 in
Example 1 and 3. We can see that from the last columns in Table 1 and 3, the convergence
rate with respect to N is about O(N−1.5), which is even better than expected (see Figure
3). On the other hand, when the wave number is large, i.e., k = 6, the dominant error is
brought by h, the error brought by N could ignored when N is large enough, e.g., N = 80
in Example 2 and 4. From the last lines in Table 2 and 4, the convergence rate with respect
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Table 4: Relative L2-errors for Example 4.
h = 0.16 h = 0.08 h = 0.04 h = 0.02
N = 10 4.1E−01 1.1E−01 4.7E−02 9.8E−02
N = 20 4.0E−01 1.1E−01 3.1E−02 3.5E−02
N = 40 4.0E−01 1.1E−01 2.9E−02 1.3E−02
N = 80 4.0E−01 1.1E−01 2.9E−02 7.2E−03
to h could reach O(h1.93), which is almost as high as expected (see Figure 4). Thus the
convergence result proved in Theorem 18 is illustrated. Moreover, as the convergence rate
with respect to N is higher than expected, it is hopefully that the numerical algorithm
may be improved with similar technique introduced in [Zha18].
2 2.5 3 3.5 4 4.5
-7
-6
-5
-4
-3
-2
Example 1
Example 2
Figure 3: The relative L2-errors for Exampel 1 and 3 with h = 0.02 plotted in logarithmic
scale over N .
-4 -3.5 -3 -2.5
-5
-4.5
-4
-3.5
-3
-2.5
-2
Example1
Example 2
Figure 4: The relative L2-errors for Exampel 2 and 4 with N = 80 plotted in logarithmic
scale over h.
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Appendix: The Floquet-Bloch transform
The main tool used in this paper is the Floquet-Bloch transform. In this section, we will
recall the definition and some basic properties of the Bloch transform in periodic domains
in R2 (for details see [Lec17]).
Suppose Ω ⊂ R2 is Λ-periodic in x1 - direction, i.e., for any x = (x1, x2)⊤ ∈ Ω, the
translated point (x1+Λj, x2) ∈ Ω, ∀j ∈ Z. Define one periodic cell by ΩΛ := Ω∩ [WΛ × R].
For any ϕ ∈ C∞0 (Ω), define the (partial) Bloch transform in Ω, i.e., JΩ, of ϕ as
(JΩϕ) (α, x) = CΛ
∑
j∈Z
ϕ
(
x+
(
Λj
0
))
e−iα·Λj, α ∈ R, x ∈ ΩΛ,
where CΛ is a constant defined by CΛ :=
[
Λ
2π
]1/2
.
Remark 19. The periodic domain Ω is not required to be bounded in x2-direction.
We can also define the weighted Sobolev space on the unbounded domain Ω by
Hsr (Ω) :=
{
ϕ ∈ D′(Ω) : (1 + |x|2)r/2ϕ(x) ∈ Hs(Ω)} .
For any ℓ ∈ N, s ∈ R, we can also define the following Hilbert space by
Hℓ(WΛ∗;H
s(ΩΛ)) :=
{
ψ ∈ D′(WΛ∗ × ΩΛ) :
ℓ∑
m=0
∫
WΛ∗
‖∂mα ψ(α, ·)‖ dα <∞
}
,
and extend to any r ∈ R by interpolation and duality arguments similarly. The space
Hr0(WΛ∗ ;H
s
α(Ω
Λ)) could be defined in the same way. The following properties for the
d-dimensional (partial) Bloch transform JΩ is also proved in [Lec17].
Theorem 20. The Bloch transform JΩ extends to an isomorphism between Hsr (Ω) and
Hr0(WΛ∗ ;H
s
α(Ω
Λ)) for any s, r ∈ R. Its inverse has the form of
(J −1Ω ψ)
(
x+
(
Λj
0
))
= CΛ
∫
WΛ∗
ψ(α, x)eiα·Λj dα , x1 ∈ ΩΛ, j ∈ Z,
and the adjoint operator J ∗Ω with respect to the scalar product in L2(WΛ∗ ;L2(ΩΛ)) equals
to the inverse J −1Ω . Moreover, when r = s = 0, the Bloch transform JΩ is an isometric
isomorphism.
Another important property of the Bloch transform is the commutes with partial
derivatives, see [Lec17]. If u ∈ Hnr (Ω) for some n ∈ N, then for any γ = (γ1, γ2) ∈ N2 with
|γ| = |γ1|+ |γ2| ≤ N ,
∂γx (JΩu) (α, x) = JΩ[∂γu](α, x).
Remark 21. The definition of the partial Bloch transform could also be extended to other
periodic domains, for example, periodic hyper-surfaces. If Γ is a Λ-periodic surface defined
in R2, then we can define JΓ in the same way, and obtain the same properties. In this
paper, we will denote the Bloch transform JX by the partial Bloch transform in the domain
X ⊂ R2, which is periodic with respect to x1-direction.
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Remark 22. There is an alternative definition for the space Hr0(WΛ∗;Xα), where Xα is a
family of Hilbert spaces that are α-quasi-periodic in x˜. Let
ϕ
(j)
Λ∗(α) =
1√|Λ∗|eiα·Λj, j ∈ Z
be a complete orthonormal system in L2(WΛ∗), then any function ψ ∈ D′(WΛ∗ × ΩΛ) has
a Fourier series
ψ(α, x) =
1√
Λ∗
∑
ℓ∈Z
ψˆΛ∗(ℓ, x)e
iα·Λℓ,
where ψˆΛ∗(ℓ, x) =< ψ(·, x), ϕ(ℓ)Λ∗ >L2(WΛ∗). Then the squared norm of any ψ ∈ Hr0(WΛ∗ ;Xα)
equals to
‖ψ‖2Hr0 (WΛ∗ ;Xα) =
∑
ℓ∈Z
(1 + |ℓ|2)r
∥∥∥ψˆΛ∗(ℓ, ·)∥∥∥2
Xα
.
References
[ACWD06] T. Arens, S. N. Chandler-Wilde, and J. A. DeSanto. On integral equation and
least squares methods for scattering by diffraction gratings. Communications
in Computational Physics, 1:1010–1042, 2006.
[Bha00] A. K. Bhattacharyya. Analysis of multilayer infinite periodic array structures
with different periodicities and axes orientations. IEEE T Antenn Propag,
48(3), 2000.
[BS94] S. C. Brenner and L. R. Scott. The Mathematical Theory of Finite Element
Methods. Springer, New York, 1994.
[CE10] S. N. Chandler-Wilde and J. Elschner. Variational approach in weighted
Sobolev spaces to scattering by unbounded rough surfaces. SIAM. J. Math.
Anal., 42:2554–2580, 2010.
[CM05] S. N. Chandler-Wilde and P. Monk. Existence, uniqueness, and variational
methods for scattering by unbounded rough surfaces. SIAM. J. Math. Anal.,
37:598–618, 2005.
[Coa12] J. Coatle´ven. Helmholtz equation in periodic media with a line defect. J.
Comp. Phys., 231:1675–1704, 2012.
[CWMT07] S. N. Chandler-Wilde, P. Monk, and Martin Thomas. The mathematics of
scattering by unbounded, rough, inhomogeneous layers. Journal of Computa-
tional and Applied Mathematics, 204:549–559, 2007.
[CWR96] S. N. Chandler-Wilde and C.R. Ross. Scattering by rough surfaces: the Dirich-
let problem for the Helmholtz equation in a non-locally perturbed half-plane.
Math. Meth. Appl. Sci., 19:959–976, 1996.
22
[CWRR02] S. N. Chandler-Wilde, M. Rahman, and C. R. Ross. A fast two-grid and finite
section method for a class of integral equations on the real line with application
to an acoustic scattering problem in the half-plane. Numer. Math., 93:1–51,
2002.
[CWRZ99] S.N. Chandler-Wilde, C.R. Ross, and B. Zhang. Scattering by infinite one-
dimensional rough surfaces. Proceedings of the Royal Society A, 455:3767–
3787, 1999.
[CWZ98a] S. N. Chandler-Wilde and B. Zhang. Electromagnetic scattering by an in-
homogeneous conducting or dielectric layer on a perfectly conducting plate.
Proc. R. Soc. Lond. A, 454:519–542, 1998.
[CWZ98b] S. N. Chandler-Wilde and B. Zhang. A uniqueness result for scattering by
infinite dimensional rough surfaces. SIAM J. Appl. Math., 58:1774–1790, 1998.
[CWZ99] S. N. Chandler-Wilde and B. Zhang. Scattering of electromagnetic waves by
rough interfaces and inhomogeneous layers. SIAM J. Math. Anal., 30:559–583,
1999.
[FJ15] S. Fliss and P. Joly. Solutions of the time-harmonic wave equation in periodic
waveguides: asymptotic behaviour and radiation condition. Arch. Rational
Mech. Anal., 2015.
[HL11] H. Haddar and A. Lechleiter. Electromagnetic wave scattering from rough
penetrable layers. SIAM J. Math. Anal., pages 2418–2443, 2011.
[HLQZ15] G. Hu, X. Liu, F. Qu, and B. Zhang. Variational approach to scattering by un-
bounded rough surfaces with Neumann and generalized impedance boundary
conditions. Commun. Math. Sci., 13(2):511–537, 2015.
[HN15] H. Haddar and T. P. Nguyen. Volume integral method for solving scattering
problems from locally perturbed periodic layers. In WAVES 2015 Proceed.,
KIT, Karlsruhe, 2015.
[Lec17] A. Lechleiter. The Floquet-Bloch transform and scattering from locally per-
turbed periodic surfaces. J. Math. Anal. Appl., 446(1):605–627, 2017.
[Li12] P. Li. Analysis of the scattering by an unbounded rough surface. Math. Meth.
Appl. Sci., 35:2166–2184, 2012.
[LN15] A. Lechleiter and D.-L. Nguyen. Scattering of Herglotz waves from periodic
structures and mapping properties of the Bloch transform. Proc. Roy. Soc.
Edinburgh Sect. A, 231:1283–1311, 2015.
[LR10] A. Lechleiter and S. Ritterbusch. A variational method for wave scattering
from penetrable rough layers. IMA J. Appl. Math., 75:366–391, 2010.
23
[LZ17a] A. Lechleiter and R. Zhang. A convergent numerical scheme for scattering of
aperiodic waves from periodic surfaces based on the Floquet-Bloch transform.
SIAM J. Numer. Anal, 55(2):713–736, 2017.
[LZ17b] A. Lechleiter and R. Zhang. A Floquet-Bloch transform based numerical
method for scattering from locally perturbed periodic surfaces. SIAM J. Sci.
Comput., 39(5):B819–B839, 2017.
[LZ17c] A. Lechleiter and R. Zhang. Non-periodic acoustic and electromagnetic scat-
tering from periodic structures in 3d. Comput. Math. Appl., 74(11):2723–2738,
2017.
[MACK00] A. Meier, T. Arens, S. N. Chandler-Wilde, and A. Kirsch. A Nystro¨m method
for a class of integral equations on the real line with applications to scattering
by diffraction gratings and rough surfaces. J. Int. Equ. Appl., 12:281–321,
2000.
[Str98] B. Strycharz. An acoustic scattering problem for periodic, inhomogeneous
media. Math. Method Appl. Sci., 21(10):969–983, 1998.
[ZCW98] B. Zhang and S. N. Chandler-Wilde. Acoustic scattering by an inhomogeneous
layer on a rigid plate. SIAM J. Appl. Math., 58(6):1931–1950, 1998.
[ZCW03] B. Zhang and S. N. Chandler-Wilde. Integral equation methods for scattering
by infinite rough surfaces. Math. Meth. Appl. Sci., 26:463–488, 2003.
[Zha18] R. Zhang. A high order numerical method for scattering from locally per-
turbed periodic surfaces. accepted by SIAM J. Sci. Comput., 2018.
24
